SD Math Circle, October 11, 2006

Geometry and Measurement

SOLUTIONS


1. a. 6²  = 36
b. 5² = 25
c. 4² = 16
d. 3² = 9
e. 2² = 4
f. 1² = 1


2. a. 6² + 5 ² + 4² + 3² + 2² + 1² = 91 
b. 7² + (6² + 5² + 4² + 3² + 2² + 1²) = 49 + 91 = 140
c. 9² + 8² + ( 7² + 6² + 5² + 4² + 3² + 2² + 1² ) = 81 + 64 + 140 = 285
d. 10² + ( 9² + 8² + 7² + 6² + 5² + 4² + 3² + 2² + 1² ) = 100 + 285 = 385


3. a. 20
b. 17
c. 22
Each column below indicates how the answer to that part was obtained.

	Size of Square
	Part a
	Part b
	Part c

	1 x 1
	12
	12
	16

	2 x 2
	6
	5
	-

	3 x 3
	2
	-
	1

	4 x 4
	-
	-
	4

	5 x 5
	+ -
	+ -
	+ 1

	Totals
	20
	17
	22



4. 
a. 1
b. 3
c.6
d.10
e.15
f.21
The pattern is that the total number of rectangles is the sum of all the counting numbers from 1 to the number of squares in the figure.


5. a.12
b.11
c.9
d.18
Each column below indicates how the answer to that part was obtained.

	Size of Square
	Part a
	Part b
	Part c
	Part d

	1 x 1
	5
	5
	4
	6

	1 x 2
	4
	4
	4
	7

	1 x 3
	2
	2
	-
	2

	1 x 4
	1
	-
	-
	-

	2 x 2
	-
	-
	1
	2

	2 x 3
	+ - 
	+ - 
	+ - 
	+ 1

	Totals
	12
	11
	9
	18



6.     a. 8
b. 8
c. 10
d. 35


7.
a. 1
b. 3
c. 6
d. 10
e. 15
f. 21
The pattern is that the total number of triangles is the sum of all the counting numbers from 1  to the number of small triangles in the figure.

8.  a. 5
b. 13
c. 27
d. 48

9. a. 2
b. 4
c. 11
d. 16

10. 

	Number of Straight Cuts
	Greatest Number of Pieces of Pie

	0
	1

	1
	2

	2
	4

	3
	7

	4
	11

	5
	16


11. 


a. The difference between successive numbers in the right-hand side column increases by one from line-to-line. That is, the first cut adds 1 to the previous number of pieces, the second cut adds 2 to the previous number of pieces, the third cut adds 3 to the previous number of pieces the fourth cut adds 4 to the previous number of pieces, and the fifth cut adds 5 to the previous number of pieces.

b. 37. Add three more entries to the table in problem 2.
    16 + 6 = 22; 
22 + 7 = 29;  29 + 8 = 37
     For 8 straight cuts, the greatest number of pieces of pie is 37.


12. The greatest number of pieces is 7, which is the same as if the pie were round.

13. a) 7 regions. Three intersecting circles:


[image: image1]
b) 

	Number of Intersecting Circles
	Greatest Numbers of Regions Formed

	1
	1

	2
	3

	3
	7

	4
	13

	5
	21

	
	


14. a) The width is 7m; the length is 14m.

Method 1: Make a table.

	width
	3
	4
	5
	6
	7

	length
	6
	8
	10
	12
	14

	perimeter
	18
	24
	30
	36
	42



The entries in the last column satisfy the conditions of the problem.
Method 2: Write and solve an equation.
w + 2w + w + 2w = 42

6w = 42

w = 7 



2w = 14

             2w
w 
[image: image2]w
              2w
The width is 7 m and the length is 14 m. 


b) The width is 9m; the length is 12m.
Method 1: Make a table.

	Width
	5
	6
	7
	8
	9

	length
	8
	9
	10
	11
	12

	perimeter
	26
	30
	34
	38
	42


The entries in the last column satisfy the conditions of the problem.

Method 2: Write and solve an equation.
w + (w + 3) + w + (w + 3) = 42

4w + 6 = 42

4w + 6 - 6= 42 - 6 



4w = 36

w = 9

w + 3 = 12

             w + 3
w 
[image: image3]w
              w + 3
The width is 9 m and the length is 12 m. 

15. Approximately 3 ½’. Let C represent the circumference of the wheel. Then 240 x C represents the distance the wheel travels in 240 turns.
Since 1 mile = 5280 feet:
240 x C = 5280
C = 5280 / 240 = 22
Since C = 2¶r :
2¶r = 22
2 x 22/7 x r = 22
44/7 x r = 22
r = 3 ½’
The radius of the wheel is approximately 3 ½’






16. 50 in and 904 in.  In one revolution, the tip of the hour hand travels a path that is equal in length to the circumference of a circle of radius 4 in.

C = 2¶r,
C= 2 x 3.14 x 4

C = 25.12

In one revolution, the tip of the hour hand travels approximately 25.12 in. The hour hand makes 2 revolutions in a 24-hout period. Therefore, in a 24-hour period, the rip of the hour hand travels approximately 2 x 25.12 in., which is approximately 50 in.

In one revolution, the tip of the minute hand travels a path that is equal in length to the circumference of a circle of radius 6 in.
C = 2¶r,

C = 2 x 3.14 x 6
C = 37.68

In one revolution, the tip of the minute hand travels about 37.68 in. The minute hand makes 24 revolutions in a 24-hour period. Therefore, in a 24-hour period, the rip of the minute hand travels approximately 24 x 37.68 in., which is approximately 904 in.

17. 144 m². Draw and label a diagram of the pool and the walk as shown at the right. The area of the walk is equal to the difference between the areas of the outer and inner rectangles in the diagram.


[image: image4]
Outer rectangle: A = l x w = 16 x 24 = 384 m²

Inner rectangle: A = l x w 12 x 20 = 240 m²

Difference: 384 – 240 = 144 m²
The area of the concrete walk is 144m²

18. 4 units. Let s represent the length of a side of the square. Then its perimeter is 4 x s, and  its area is s x s. Then according to the conditions of the problem, s x s = 4 x s. The only number that makes this a true statement is s = 4. The length of a side of the square is 4 units.










19. One half. Consider the situation as pictured in the diagram below. The shaded region represents the piece of paper remaining after all scraps have been discarded. The dashed lines separate the original piece of paper into four square regions; clearly, one-half of each of these four regions has been discarded. Therefore, one-half of the entire square has been discarded.


[image: image5]

20. Five.
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